
An Introduction to Resonant Operated Piezoelectric Actuators

Horst Grotstollen, University of Paderborn
D-33095 Paderborn, Germany, grotstollen@lea.upb.de 

1 Introduction 

If a force is applied to an element of piezoelectric ceramics an electric field  will appear in the -axis in
which the element is polarized. Consequently a voltage  can be measured between electrodes which are
mounted to the surfaces and electric charge will be present at the electrodes which means that mechanical
energy has been converted to electrical energy due to the piezoelectric effect. For a long time this phenome-
non has been used at sensors for measuring forces, pressure and quantities which cause forces like accelera-
tion. The piezoelectric effect is reversible and can be used for electromechanical energy conversion, too. 

During the last years piezoelectric actuators are becoming more and more attractive due to their high power
density in particular when operated at high frequency and when making use of resonant amplification in the
mechanical part. But not only electromechanical energy conversion is possible: piezoelectric transformers can
be easily realized by simply implementing two pairs of electrodes on the same piece of piezoelectric ceramics.
Up to now piezoelectric actuators have been realized with low power only (motors less than 100 W, trans-
formers less than 10 W), but high efforts are made to increase power ratings. This is why in education on elec-
trical drives some attention should be spent to this field. This contribution will show what an introductory lec-
ture on piezoelectric actuators could be like and what knowledge on conventional electrical systems can be
applied for better understanding of the mechanical systems. For general information see [1], [2].

2 Basic equations of electromechanical energy conversion 

If a voltage  is applied to the electrodes of a piezoelectric ele-
ment an electric field  is applied to the -axis in which it is
polarized and a deformation occurs in the -axis (d33-effect) as
well as in the quadrature -axis (d31-effect), see Fig. 1. From the
permitted electric field strength of 2000 V/mm results the maxi-
mum change of dimensions which is less than 0,2 %. Therefore
the basic piezoelectric actuator is well suited to achieve high
forces at a small stroke but only a very small amount of energy is
converted at each stroke. 

The small amount of energy  which is converted electromechanically when any actuator performs a very
small movement of  can be expressed by electrical or mechanical quantities as 

 . (1)

where ,  and  are an inner force, an inner voltage and an inner current, respectively. By introducing the
speed  we get a similar expression for the inner power  of the actuator 

 . (2)

From this equation we can derive two expressions for the two types of actuators

 (3)

where  is a constant in case of piezoelectric actuators while  is a constant in case of magnetic actuators
e.g. a permanent exactitude dc motor. Thus, piezoelectric and magnetic actuators are reciprocal systems at
which for instance the force depends either on an inner voltage or on an inner current: According to eq. 3 the
inner mechanical and electrical quantities of a) piezoelectric and b) magnetic actuators are related by 

(4)
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 Fig. 1: Basic piezoelectric actuator
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3 Piezoelectric actuators at quasi static operating conditions 

The inner quantities differ from the quantities which are applied
to the terminals because energy is stored in the electric field of a
piezoelectric actuator and in the magnetic field of a magnetic
actuator’s windings. Furthermore losses have to be considered
which mainly depend on voltage at piezoelectric actuators, see
Fig. 2, and on current at magnetic actuators. For the terminals
quantities of a) piezoelectric and b) magnetic actuator we get 

(5)

On the other side at both actuators the generated force  differs
from the external force  of the load. At magnetic actuators
mainly the force required for acceleration of mass  and fric-
tion has to be considered. At piezoelectric actuators situation is much more complex and depends on operation
frequency. 

At low operation frequency (quasi static conditions) a lumped mass  can be assumed but the stiffness 
of a spring must be considered which is used to prestress the piezoceramic material to avoid tensile strain, see
Fig. 2. Thus, for the mechanical system of a) piezoelectric and b) magnetic actuators we get 

(6)

The equation systems consisting of eq. 4, eq. 5 and eq. 6 can be represented by block diagrams or equivalent
circuits. For piezoelectric actuators and systems the block diagram is shown at Fig. 3. 

The equation of the equivalent circuit is derived when eq. 4 is used to substitute the mechanical quantities in
eq. 6 by mechanical quantities. By this measure we get the differential equation of piezoelectric actuators

 , (7)

which is equivalent with the equation of a series resonant circuit 

 (8)
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 Fig. 2: Piezoelectric actuator loaded by 
prestress spring and load mass 
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 Fig. 3: Block diagram of piezoelectric actuator loaded by prestress spring and load mass

mL

AP
2

-------
td

diPi⋅
dL

AP
2

------ iPi⋅
cs

AP
2

------ iPi td∫⋅+ + uP
1

AP
------ fL⋅–=

LM td

diPi⋅ RM iPi⋅ CM iPi td∫⋅+ + uP uL–=



the parameters and variables of which are 

 (9)

The equivalent circuit including the electrical part
is shown at Fig 4. Note that the inner current 
represents the speed of the actuator and the load
while the voltages at the inductance , the
capacitance  and the resistance  represent
the forces accelerating the mass, stressing the
string and causing losses in the mechanical part.
Again piezoelectric and magnetic systems and
prove to be reciprocal as can be seen from Table 1
where the electrical representatives of mechanical
parameters and quantities are summarized.  

4 Piezoelectric actuators 
at transient operating conditions 

Because of the small deformation of the ceramics
only a small amount of energy is converted at each
stroke. Therefore most piezoelectric systems are operated at high frequencies in the ultrasonic range to
increase the converted power. Due to high frequencies the elasticity and mass of the ceramics cannot be
neglected; even more, these are essential for the resonant operation of the actuators which make use of struc-
tural oscillations. 

The mechanism of structural oscillations is explained at a
passive bar in which a plain wave is induced by a thin pie-
zoelectric actuator at . The waves propagate in -
axis, see Fig. 5.  To derive the wave equation a thin slice of
thickness  and mass  is considered. Calculation of
its deviation  from the initial position  and its compres-
sion  and strain  results in the wave equations 

 (10)

where the velocity of sound  is determined by the modulus of elasticity  and the density  of
the material. Velocity of sound is 5,200 m/s for steel and 2,500 .. 4,600 m/s for piezoelectric ceramics.

Solving the wave equation results in 

 (11)

where  and  represent the frequency and the wave length, respectively, which are related by .
Thus, at a frequency of 20 kHz wave length is appro.. 260 mm for steel and 125 ... 230 mm for piezoelectric
ceramic material. 
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 Fig. 4: Equivalent circuit of loaded piezoelectric actuato
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Table 1: Electric equivalents of mechanical quantities 
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 Fig. 5:Definition of coordinates
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The constants of integration have to be calculated from the boundary conditions. In case of the bar shown at
Fig. 5 these are  and  delivering  and . The last
equation is satisfied for an infinite number of discrete resonance frequencies satisfying 

 (12)

An example of practical importance is given at Fig. 6.
The bar shown here is excited and fixed at 
(therefore ) with a frequency for which

 holds. At both surfaces of the bar no force and
no strain is present ( ). Due to these
boundary conditions resonance will appear for  

 . (13)

If eq. 13 is satisfied no deviation appears at 
and therefore the support of the bar is not stressed. But
strain and compression are maximum at this position. 

For transfer of power from the actuator to a load that is
coupled to the bar’s surface strain as well as deviation
must be present at the positions of the actuator
( ) and of the surface (e.g. at ). These requirements can be fulfilled by a variation of fre-
quency and wave length which is established automatically by a suitable control. 

Furthermore the deviation appearing at  can be
increased by reducing the bar’s cross-sectional area. In
Fig. 7 reduction is applied at  where no devi-
ation takes place. Since the longitudinal force  must be
equal on both sides of the cross-sectional reduction 

(14)

must hold for the amplitudes of strain , compression  and deviation . Note that in practice the cross-sec-
tional reduction must not be introduced as abrupt as in Fig. 7 to avoid destruction by notch effect.

Considering the equations and figures of this section a close relation can be established between wave propa-
gation at piezoelectric systems and electrical transmission lines. That is why all results achieved from trans-
mission equations can be applied to piezoelectric systems and, for example, the parameters of a four-pole net-
work can be calculated from the dimensions of the mechanical system and the operating frequency. The result
is an equivalent circuit as shown at Fig. 4, but having an infinite number of resonant circuits in parallel
because resonant oscillation can appears at all frequencies satisfying eq. 13. In practice a piezoelectric system
will be operated in the close surrounding of one resonance frequency. Therefore, normally only one mechani-
cal resonant circuit has to be considered in the equivalent circuit which in this case is identical to Fig. 4. 

5 Design and applications 

In practice two basic types of piezoelectric actuator sys-
tems (sonotrodes) have to be distinguished:  

Sonotrodes as considered up to now are normally
equipped with stack actuators consisting of thin ceramic
slices which are alternatingly polarized and are separated
by electrodes according to Fig. 8. By this measure very
high voltages can be avoided which would be required to
activate monolitic actuators of great thickness. For the
design of stack actuators odd numbers of slices are pre-
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 Fig. 6: Resonant operated sonotrode 
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 Fig. 7: Sonotrode with cross-sectional reduction
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ferred because in this case both electrodes being in contact with the oscillating steel bar can be grounded. This
kind of actuator can be used at machine tools to improve the performance of machining processes by superim-
posing an ultrasonic oscillation in quadrature to the cutting speed. 

A piezoelectric transformer using d33-effect comes into
being when a second actuator is introduced into the sys-
tem as shown at Fig. 9a). The transmission ratio of the
transformer is determined by the design of the piezoe-
lectric actuators. The system is operated at  as
shown by the dotted lines of Fig. 9b). Excellent isolation
of primary and secondary is achieved if the whole bar is
made from ceramics and no steel is used. 

The actuator in the left half of Fig. 9c) makes use of the
d31-effect. Polarisation and electrical field which deter-
mine -axis are oriented in the vertical direction while
the oscillating bar is excited by the deformation in the
horizontal -axis. Again the whole oscillating system
consist of one piece of piezoceramic. The principle of
this actuator is used at a piezoelectric transformers pro-
posed by Rosen in 1958 [3] at which the right half of the
ceramic element is polarized in the horizontal axis. If
secondary electrodes are placed on the right surface and
in the plane dividing the left and the right half than high
voltages can be achieved. Since inserting an electrode in
the middle of the ceramics causes problems one of the
primary electrodes is normally used for the secondary,
too, and the unit behaves like an autotransformer. 

Piezotransformers can also be designed by using ring-shaped ceramics. They offer small size and good effi-
ciency and have been realized for up to 10 W in the power supply for a handy [4]. 

For drive application the oscillation of the piezoelectric actuator has to be transferred to a continuous motion
for which different proposals have been realized. At ultrasonic travelling wave motors a travelling wave is
excited on the circumference of a brass disc [5]. Travelling wave motors with rated power up to 100 W gener-
ate high torque at low speed and are in use at autofocus cameras and for steering wheel adjustment in cars [6]. 

Last not least an aspect concerning power supply and control of piezoelectric actuator should be mentioned:
Due to their input capacitance piezoelectric actuators need to be decoupled from voltage source inverters by a
series inductor which can be used for compensation of reactive power. In connection with the actuator’s
capacitance this inductor forms a second resonant circuit and attention has to be payed to avoid undue electri-
cal or mechanical strain by a suitable control. Design of the control is not trivial because the oscillation of two
resonant systems having varying parameters and being operated in their resonance have to be controlled [7]. 
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